Special Issue of Engineering and Scientific International Journal
ISSN 2394-7187(Online) ISSN 2394-7179 (Print)
Proceedings of the UGC Sponsored - National Conference on "Recent Statistical Computing Techniques and their Applications”
Department of Statistics and Department of Computer Science, Ramanujan College,University of Delhi, Delhi.
March 11-12, 2016.
Published on January 2017

An Improved Estimator for Estimating Population Mean in
Presence of Measurement Errors
Sheela Misra#1, Dharmendra Kumar Yadav*2 , Dipika*3
1

Department of Statistics, University of Lucknow, Lucknow, 226007, India
profsheelamisra@gmail.com
2
Department of Statistics, University of Lucknow, Lucknow,226007, India
dkumar.yadava@gmail.com
3
Department of Statistics, University of Lucknow, Lucknow, 226007, India
dipikascholar@gmail.com

Abstract— The present manuscript examines the effects of
measurement errors on a regression type estimator used for
estimation of finite population mean. The bias and mean
square error (MSE) of the proposed estimator are obtained
up to first order of approximation. Theoretical Efficiency
comparison is also done between the proposed estimator
and the usual linear regression estimator. The results have
been illustrated by carrying out the simulation study using
R software.
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1. Introduction
In most of the statistical procedures the analysis of data
is based on the assumption that the observations on the
characteristics to be studied are recorded without any error.
However, in practical situations this assumption is not
fulfilled by the data set. Observations, collected on some
characteristic are quite different from their true values.
Such discrepancy is referred as measurement errors or
observational errors. In sample surveys, such errors are
very common and affect the estimation procedures
adversely in terms of increased bias and variability. So the
study of such consequences of measurement errors is
essential. Several authors including Shalabh (1997), Sud
and Srivastava (2000), Maneesha and Singh (2001, 2002),
Srivastava and Shalabh (2001), Allen et al.( 2003), Singh
and Karpe (2008a, 2008b, 2009), Maiti ( 2009) , Kumar et
al ( 2011) , Shukla et al (2012) etc studied the effects of
measurement errors on estimation of population parameters
. In the present article we study the estimation of
population mean in presence of measurement errors.

2. Notations
Suppose that we are given a finite population U = {U 1,
U2,……….UN} of size N. Further assume that Y and X are

the study and the auxiliary variables respectively. A set of
n paired observations is obtained from the given population
through simple random sampling without replacement
(SRSWOR) procedure on two characteristics X and Y. It is
assumed that xi and yi for the ith sampling unit are measured
instead of true values Xi and Yi . The observational or
measurement errors are defined as
ui = yi - Yi
vi= xi - Xi
which are assumed to be stochastic with mean zero and
different variances 𝜎𝑢2 and 𝜎𝑣2 . We assume that although Xi
‘s and Yi‘s are correlated, but the correlation between ui‗s
and vi‘s is zero. It is also assumed that measurement errors
are uncorrelated with true values of x and y.
Let ( μX , μY ) and (σ2X , σ2Y ) be the population means and
population variances of the characteristics X and Y
respectively. Let 𝜌 be the population correlation coefficient
1 𝑛
1 𝑛
between X and Y. Let 𝑥 =
𝑥, 𝑦=
𝑦 be the
𝑛 𝑖=1 𝑖
𝑛 𝑖=1 𝑖
unbiased estimators of population means μX and μY
respectively.
1
n
2
We note that sx2 =
and sy2 =
i=n (x i − x)
1

n−1

n
i=n (yi

− y)2 are not unbiased estimators of the
n−1
population variances 𝜎𝑋2 and 𝜎𝑌2 . In presence of
measurement errors the expected value of 𝑠𝑦2 and 𝑠𝑥2 is
given by E(sy2 ) = σ2Y + σ2u , E(sx2 ) = σ2x + σ2v .
Let error variances 𝜎𝑢2 and 𝜎𝑣2 are known a prior then
unbiased estimators of population variance in presence of
measurement errors are
σ2y = sy2 − σ2u > 0
σ2x = sx2 − σ2v > 0
We further assume the following approximations
y = μY 1 + e0 , x = μX 1 + e1
σ2y = σ2y ( 1 + e2 ), σ2x = σ2x 1 + e3
σxy = σxy (1 + e4 )
such that E e0 = E e1 = E e2 = E e3 = E e4 = 0
From Singh and Karpe (2009) ,we have ,
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C 2Y
nθ Y
σ 2Y
, θY = σ 2 +σ
2
u
Y
2
C
X
2
E e1 =
nθ X

E e20 =

E e23 =

σ

, CX = μ X , θX =

Y

, E e22 =

X

AY
n

σ 2X
σ 2X +σ 2V

AX =

e23 −μX e1 +

σ XY

k

μY 1 + e0 CY − 1 + e2

CY

σ XY
σ 2X

1 + e4 − e3 − e3 e4 +

σ 2X

σ4
γ2Y + γ2u σ 4u +
Y
σ4v
γ2X + γ2v 4 +
σX
CX CY

,E

n

σ2
2(1 + σ 2u )2
Y
σ2v 2
2(1 + 2 )
σX
μ1200
e1 e2 =
nσ2Y μX

μ3000
μ0300
E e1 e3 =
, E e0 e2 =
2
nσX μX
nσ2Y μY
μ2100
E e1 e4 =
nσXY μX
= E(X − μX )p (Y − μY )q ur v s

3. Estimation of Finite Population Mean under
measurement errors
We are studying the performance of following estimator
used for estimation of finite population mean in presence of
measurement errors.
yk = y + b μX − x + k y − σy CY
3.1
where k is characterizing scalar to be chosen suitably
σ
and , b = xy σ2 = Regression coefficient.
x
By using notations , b =

σxy

can be written as

σ2x

σXY
(1 + e4 )(1 − e3 + e23 − ⋯ … . )
σ2X
σXY
= 2 (1 − e3 + e23 + e4 − e3 e4 )
σX

Now the proposed estimator can be written as

yk =
μ Y 1 + e0 +

(3.2)

σX

1

kμY E(e22 )
8
Substituting
the
values
of
E e1 e3 , E e1 e4 and E e22 , we get 𝑡 he Bias of 𝑦𝑘 upto
1
the terms of O( ),
Bias yk =

𝑛
1 kμ Y A Y
n
8

−

σ XY

μ 2100

σ 2X

σ XY

−

μ 3000

(3.3)

σ 2X

squaring and taking expectation of (3.2) on both sides , we
get the MSE of proposed estimator 𝑦𝑘 up to the order
O

1

to be

𝑛

σ XY 2 2
μX E e12
σ 2X
1
e0 e1 + k 2 μ2Y E e20 + 4 E

E(yk − μY )2 = μ2Y E e20 +
2

σ XY
σ 2X

μX μY E

−
e22 −

E(e0e2)+2kμY2Ee02−12E(e0e2)−2kσXYσX2μXμ
Y[Ee0e1−12E(e1e2)]
Substituting
the
values
E e20 , E e12 , E e22 , E e0 e1 , E e0 e2 , E(e1 e2 )]
MSE
MSE yk =
μ2Y

C 2Y
nθ Y

σ XY

+
C 2Y

nθ Y

2

+

1 AY
4

C 2X

μ2X

σ 2X
n

nθ X

−

−2

μ 0300

σ XY
σ 2X

μX μY

+ 2kμ2Y

nσ 2Y μ Y

C 2Y
nθ Y

of
we get

ρC X C Y
n

+

−

12μ0300nσY2μX−2kσXYσX2μXμYρCXCYn−12μ1200nσ
Y2μX
On solving we get

MSE yk =

σ 2Y
n

1 − ρ2 +

k 2 μ 2Y 4C 2Y
4n
θY

+ AY −

4μ0300σY2μY+kn
2σu2+2σY2−μ0300σYCY−
2ρ2σXσY+ρμ1200CYσY+1nσu2+ρ2σv2σX2σY2
3.4

σ XY (1+e 4 −e 3 −e 3 e 4 +e 23 ){μ X −μ X (1+e 1 )}
σ 2X

k[μY 1 + e0 −

σY

taking expectation on both sides in (3.2) and using first
order approximation
σ
E yk − μY = XY2 μX E e1 e3 − E e1 e4
+

k 2 μ2Y

σXY (1 + e4 )
b = 2
σX (1 + e3 )

1
2

μX −e1 − e1 e4 + e3 e1 +

e1e3e4− e1e32+kμY[e0−12e2+18e22

E e0 e1 = ρ

=

= μY + e0 μY +

yk − μY = e0 μY +

,

AX
n

where , AY =

μpqrs

σ

, CY = μ Y

CY

Now optimizing MSE (yk ), we get the optimum value of k
ρμ

1

(s 2y )2

+

]

k opt =

μ

−2 C 1200
+2 σ2u +σ2Y − σ0300
− 2ρ2 σX σY
Y σY
Y CY
μ2Y

4C 2
Y +A −4 μ0300
Y
θY
σ2
Y μY

(3.5)
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On substituting the value of k opt in equation (3.4) we get
the minimum value of MSE

MSE yk

min

=

σ2Y
n

1 − ρ2 +

1
n

σ2u +

ρ2σY2σv2σX2− ρμ1200CYσY+2σu2+σY2−
μ0300σYCY −
2ρ2σXσY2nμY24CY2θY+AY−4μ0300σY2μY (3.6)

using these values, the mean squared error (MSE) of the
estimators of our interest are given in the following table
Table 1: MSEs of usual linear regression estimator and proposed
estimator with and without measurement errors
Estimators
MSE With measurement
errors
MSE Without measurements

𝒚𝒍𝒓

𝒚𝒌

3.98

2.912

0.0001143

0.0000105

4. Theoretical Efficiency Comparison
6. Conclusions
4.1 Proposed Estimator versus usual Linear Regression
Estimator
From Maneesha and Singh (2002),MSE of usual linear
regression estimator in presence of measurement errors is
given as,
σ2Y
1 2
σ2Y
MSE ylr =
1 − ρ2 +
σu + ρ2 2 σ2v
n
n
σX
MSE of proposed estimator is given as,
MSE yk

min

=

σ2Y
n

1 − ρ2 +

2
ρμ1200
μ
+2 σ2u +σ2Y − σ0300
− 2ρ2 σX σY
C Y σY
Y CY
4C 2
Y +A −4 μ0300
nμ2Y
Y
θY
σ2
Y μY

1
n

σ2u + ρ2 σ2Y

σ2v
σ2X

−

Proposed estimator yk will be more efficient than that of
usual linear regression estimator 𝑦𝑙𝑟 if
𝑀𝑆𝐸 𝑦𝑙𝑟 − MSE yk min > 0
2
ρμ1200
μ
+ 2 σ2u + σ2Y − 0300 − 2ρ2 σX σY
CY σY
σY CY
2
μ
4C
Y
nμ2Y
+ AY − 4 0300
θY
σ2Y μY
>0
(4.1)
Thus the proposed estimator 𝑦𝑘 will be more efficient
than the usual linear regression estimator 𝑦𝑙𝑟 if the
condition (4.1) is satisfied by the data set.

5. Simulation Study
We demonstrate the performance of all estimators by
generating a sample from Normal distribution by using R
software. The auxiliary information on variable X has been
generated by N (5,10) population. This type of population
is very relevant in most socio -economic situations with
one interest and one auxiliary variable. the description of
this data is as follows,
X = N(5,10), Y = X + N(0,1), y = Y+N(1,3), x
=X+N(1,3), n=5000, 𝜇𝑋 = 4.95, 𝜇𝑌 = 4.93, 𝜎𝑋2 = 99.38,
𝜎𝑌2 = 100.12, 𝜎𝑢2 = 25.57, 𝜎𝑣2 = 24.28, 𝜌𝑋𝑌 = 0.99 CX
= 2.012, CY = 2.029, λ = - 0.038 , AX = 3.05, AY = 3.11 ,By

 When the observations are subject to measurement
errors, condition (4.1) is satisfied by the data set. So our
proposed estimator 𝑦𝑘 is more efficient than that of
usual linear regression estimator for this data set in the
sense of having lesser MSE than the usual linear
regression estimator.
 If observations are free from measurement errors then
the proposed estimator is more efficient than the usual
linear regression estimators.
 The percent relative efficiency (PRE) of the proposed
estimator over the usual linear regression estimator in
presence of measurement errors is 136%.
 The percent relative efficiency (PRE) of the proposed
estimator over the usual linear regression estimator
without measurement errors is 1088%.
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